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Abstract

Beauty is a universal theme. Architecture proviadgferent definition of beauty and how to creiatompared
with mathematical regularities. The fifteen promtof architectural beauty, as described by Gihplstr
Alexander, will be compared with mathematical aspétorder to understand the relevance betweetwibe
According to Alexander, architectural beauty iseault of fifteen interacting properties which arartpof
architecture. By performing a mathematical analgsishese fifteen properties a more objective dgison of
beauty can be provided.

Alexander’s theory

An important participant in the history of architie@l theory is Christopher Alexander. He is ededat
in the fields of Architecture as well as Mathemstitlis latest work, “The order of Nature”, is an
elaborated work to understand the order of natocethe consequences for architecture. In his first
book of this series [1] he describes fifteen basaperties necessary to create spaces which cantain
certain aspect of ‘life’. This can be describechdsature resulting in the appreciation and beafity
spaces and matter. He states that due to the a@&bs#nthose traditional design tools modern
architecture is lifeless in contradiction to maristdrical buildings. The fifteen properties he utes
support his statement are: 1. level of scale r@ngtcenters, 3. boundaries, 4. alternating repetib.
positive space, 6. good shape, 7. local symmetBiedeep interlock and ambiguity, 9. contrast, 10.
gradients, 11. roughness, 12. echoes, 13. the ¥idimplicity and inner calm, 15. not-separatenes
The cooperation between these 15 properties resw@ppreciated buildings in which people feel
‘comfortable’.

Mathematical beauty

Several mathematicians have defined mathematieaitipeBertrand Russell, who was one of the most
influential mathematicians and philosophers of tiagentieth century, expressed his sense of
mathematical beauty in these worddddthematics, rightly viewed, possesses not onlgh triout
supreme beauty -a beauty cold and austere, likedhaculpture, without appeal to any part of our
weaker nature, without the gorgeous trappings @y or music, yet sublimely pure, and capable of
a stern perfection such as only the greatest antstaow. The true spirit of delight, the exaltatitne
sense of being more than Man, which is the toudestd the highest excellence, is to be found in
mathematics as surely as poetrj2].

Considering Russell's quotation regularity, logiadistinctiveness are the fundamental properties.
According to Pythagoras, the mysticism of natutahbers determines the beauty of mathematics. All
these aspects are of major importance consideratgematical beauty.



Comparison descriptions of beauty

When comparing the architectural definition of bigamith mathematics this will result in a better
understanding of the relationship between the Werefore, the fifteen properties as stated by
Alexander are being clarified by using mathematiaiciples.

1. level of scaleBuildings are constructed by putting smaller &igher parts together. All these
parts have influence on the perception of the mgldAccording to Alexander each used part has an
own centre. [1] This topic will be elaborated ir thollowing paragraph about strong centers. Within
the total assembly the level of scale and scaferdifices determines the tension between the centers
and contributes to the ‘life’ of the building. Theoperty of having levels of scale is not a mectaini
thing which can require a wide range of differecdlas, but ‘life’ can only occur when each center
gives life to the next one. In order to create adyoompaosition, Alexander states that one jumgahes
should be 1:3. So, when a larger jump of scaletessary several steps with the ratio 1:3 should be
taken, because else the relation between scals keeehard to be noticed. A too large scale jurogsd

not do anything to bring life to a structure.

Note that this ratio seems to be closely relateébdematural number=2.718", [3] as well as = 3.14".

The irrational numbee is sometimes called Euler's number because helveairst one to discover
this natural logarithm. Boteand are constants within the mathematical system. Wisérg ratio le

to create one scale jump the human brain is &l 8 notice and understand the relation between t
levels of scale, yet the human fails to notice tblation and scaling when the ratio is larger, for
example 1:20 as shown in figure 1.

Figure 1: Relationship between ratio 1:e (left) and 1:20 Kty

2. strong centers.The frequent appearance of strong centers in stegis another property which
brings ‘life’ to a structure. In his theory, Alexder[l] states that centers play a much more
fundamental role as basic element to create aothred beauty within a composition compared to the
other fourteen properties. A strong centre appedien different layers are put together to create a
composition. In this way a vector field is set Bpery point within the total assembly has the prgpe
that from that point the centre of a field is ineatain direction: one direction is going to thatce and
another direction is moving away from the centre akesult, the whole visual field is oriented todga
the centre and the field appears to be centeregl hidrarchy of the layers creates a deep feelidg an
intensity of the centre. Though, every layer needse a ‘structure’ which forms centers itself. The
arising of a gradient of increasing intensity cesaa centre in the middle. So, the field effect ted
power of a centre are created by the sequencehef otearby centers leading up to it. It is this
multiplicity of different centers, at different lels, that engages human beings by feeling the peese
of a centre.

When concerning the mathematical definition of mfracenters, this is strongly related to the
determination of the centre of gravity of a spediield. [4] The location of this centre dependsios
shape and form of the field. Figure 2 shows therdeination of the centre of gravity of a basic
geometry. When the field is divided in multiple fsawill create new centers of gravity for each
individual part. The total centre of gravity camnloe determined by the combination of these matipl



individual centers. When the multiple parts arerfiolg an irregular subdivision it is possible tha t
centre of gravity of the total field will move awéypm its original point. This effect is shown inet
right diagram of figure 2.
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Figure 2: Determination of the centre of gravity

3. boundaries. Living centers are often formed and strengtheneénnthey are surrounded by
boundaries. A boundary is forming a field of foezeund a centre and in this way focuses the atienti
on the centre of a space. It helps to produce redsify the centre which it is bounding. At thenea
time a boundary unites the centre which is beingnbed with the world at the other side of the
boundary. The boundary thus separate as well éssumicentre with the space beyond the boundary. In
both ways the centre becomes more intense. Acaptdirhlexander a boundary needs to be of the
same order of magnitude as the centre which igi®muonded. He also states that any centre which has
‘life’, like a building or a town, must have a balary. So, without boundaries the strong centers,
which are described in the previous section, caoltdexist. This is shown in figure 2, where cutthia
boundaries determine the changes in center points.

Considering mathematics, boundaries are strondétec to geometrical forms. These start with a
single point. The relation between two points caméfined as a line. A line can be further devedope
by implementing another point so that a triangdlape is created. This triangle transforms to a
rectangle which transforms into a polygon by impgemtmg new points within the total composition.
The final form can be related to the base shapkeotircle. So every bounding area can be related t
this circular base form. This effect is shown mufie 3.

ALIDOO)

Figure 3: Polygon boundaries

4. alternating repetition. The relation between centers can be intensifiethbyuse of repetition. A
certain rhythm of a repeating centre intensifiesfibld effect of the total composition. Thoughisth
effect is not just a simple repetition. There are basic characteristics when concerning repetitios
basic element and a defined action. Alexander stiditat when a single element is literally being
repeated, a boring image appears. He thinks thatlément should alternate in order to create flife

a composition. The effect of this difference iswhan figure 4. In the upper series the elemebeigsg
repeated by one and the same action over and geémn.alrhe two lower series are undergoing an
alternating action which results in a change ofaleenent’s shape.

Compared to mathematics this will result in a setleat alternates by undergoing the action. For
example the series of# fn-1+1 with fo= 0, which results in the series 0, 1, 2, 3, 4,50+1. Thisis a
much more interesting series tham fn-1, resulting in the series with an equal resulbto f
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Figure 4: Alteration of the element by undergoing an actibe top diagram shows a
non-alternating repetitionn(# fn-1), the middle and bottom show different actionslwdnge
like lowering and narrowing (& fn-1t+action).

5. positive spaceThe void which results from the positioning of mass its own identity due to its
usefulness and the relationship with the surroundiass. Considering architectural beauty, positive
space is difficult to define.

When reviewing positive space in a two dimensiova/l, positive space can be the result of trangiatio
rotation and minimal transformation of the negaspace: the mass. This effect is shown in figure 5.
Alexander states that the interaction between thgsrand the void results in the fact that evergfbit
space is very intensely useful and that there igftaver space which is not useful. So a poskipace
has a very strong geometrical relation with thesriemm which the space is the resultant.

4 v v <

\
VAV

8 A LH A A

b a4 4 4

4d 9 4 4 P
Figure 5: The resulting space with a strong relation torttass (left) and without (right)

6. good shapeA shape can be built up from elements which allehstvong centers. Every element
should have its meaning for the final goal whioh tibtal composition wants to achieve. The centers o
the several elements are in this way very impoytaetause they affect, support and strengthen each
other in order to create a good shape. When eleremet missing or dislocated within the total
arrangement, this has a negative effect on thé doraposition.

Mathematically this creates a problem, becaussithple sum of all elements is not necessarily the
right way to achieve a maximal result. This medwas the sum of all elements should result in adxigg
outcome than the expectation. Mathematically tisisnot possible (1+13) and it is therefore
impossible to define good shape in an objectiverraan

7. local symmetriesAccording to the theory of Christopher Alexandd [life’ can only occur when
symmetry is present on several levels of scale.rBgtmy in only one specific element is not enough to
bring ‘life’ in general. It only appears when sealezlements, which all have an own symmetrical,axis
are placed together to form a total compositionuByng symmetry, new and stronger centers occur
which brings ‘life’ to the whole.

This mirror effect is a result of mathematical bigawhich is very easily recognized by the human
brain. The symmetry of elements attracts the hueyarto the central point where the mirroring takes
place, so that the new centre is being highlightéidtoring can be done in relation to a point, lioe
surface. This effect is shown in figure 6 in whielsimple line is mirrored two times and creates a
strong composition.



Figure 6: Creation of a stronger image by using symmetry

8. deep interlock and ambiguity.This property contains the interrelation betweea bwmore
elements which react on each others shape to aewe unity. Space that occurs between the
elements forms a new centre and gets a functiomeal$ator between the elements of the new whole.
They also react on their direct surroundings sotti@new unity is able of being adapted by its
environment.

In a psychological way of thinking it is possibtestate that the interrelation between different
elements can refer to mathematical symbols whietuaed to calculate with numbers. These symbols
are also the mediators between the elements, theams, of math to create a new outcome. So when
the property of deep interlock and ambiguity issidared in a more objective way, mathematics is not
able to give a proper definition.

9. contrast. When several elements of different shape, textummlor are combined into one
composition, their contrast results in a more cahpnsive and unified whole. The contrast within a
composition will be strengthened when the spedifics of the elements differ more extremely like an
image with only black and white surfaces is a sifigal image. Though, more differentiation between
the elements generates a more complicated imaghiah each individual effect on the total image
gets harder to understand. Like a grayscale imsgmying more detail, but making the image more
complex. A clear contrast between the participagilegnents should create and allows a clear
differentiation in order to create a unified imafjecan be stated that there is a relation between
contrast and the mathematical subject of equatiegsations are compositions in which the
participating elements all have their own functiomrder to create a result. When the elementsiof a
equation have a clear relation to each other thisso result in a clear perception of the tdtadction.
For example the combination of the contrasting fians f1) = X, fy= 400, which givesd2)= X+

400 as shown in figure 7a. The relation betweeretbments of)and {2 gives a clear perception of
their influence on the final outcome 4. When the function gets a more complicated charatite
influence of each element within the total functieifi also be more difficult to understand. For
example the combination of the contrasting functifan= 1/3 X, fo)= (3x), fiey= 300sin(x), &= 400,
fs= X%, which gives 23457 1/3 ¥- (3x) -300sin(x) + 400 +% as shown in figure 7b. Because of
the more differentiated character of this functithe, relation and the effect of the participating
elements on the whole is much harder to understand.

Claar Contrast

Figure 7a Relation in the functionif2= x* + 400 (dark line)



Less Clear Constrast

Figure 7b: Relation in the function:
fa234= 1/3% - (3x) -300sin(x) + 400 +*(dark line)

10. gradients.Qualities vary, slowly, subtly, gradually, acroke extent of each thing. This gradual
change is comparable with series as describedeipanagraph concerning alternating repetition. A
gradient is a mediator, which slowly changes ofespance in a certain direction and with a certain
regularity.

Considering mathematics, a gradient shows remagksibiilarity with mathematical functions. The
mathematical concept of a function expresses depeedbetween two quantities; one which is given
by the input which produces the output. Of majgpamtance considering this function is that it slkioul
not be constant, but gradually changes. The fundtéelf determines the rate, intensity and dimtcti
of the gradient. The tangent of the function isyvenportant in defining these characteristics @& th
gradient at a certain position. When the tangera fafnction is not zero, the related directionhd t
function describes a gradient.

11. roughnessAccording to Christopher Alexander [1], roughneas be defined as a pre-defined
grid which has certain imperfections which aretedao the pattern. These imperfections generate a
local disturbance within an image and they are ttexeloping a certain tension in the total field. |
this way, the imperfections draw the attentiontwf spectator and bring ‘life’ to a composition. The
effect of imperfections within a field is shownfigure 8 and 9.

Compared to mathematics, this effect can be rel@tednormal deviation in which most points are
very near to the average, with some exceptions.clinge of the deviation determines the amount of
irregularities. A wide and low curve contains mamggularities yet a high and narrow curve shows
minimal irregularities. It is impossible to determaia deviation to define the aliveness of roughness
this is a matter of perception strongly relatedttte specific situation. Factor playing a role are:
diversity, density, grid structure and amount atnelngth of anomalies.

Figure 8: Disturbance of the strict grid (left) by disloimat of certain points (right) resulting in a more
lively composition



Figure 9: Disturbance of the strict grid (left) by scaliofjcertain points (right) resulting in a more
lively composition

12. echoesAn echo can be defined as a repetition of a bagecblwvith a possible alteration. An
important aspect considering echoes is the gearaktdference to a base shape. Alexander states tha
echoes depends on angels and families of anglethahe prevalent in a design. In general termsethe

is a deep underlying similarity among the elemafita composition which generates the perception
that everything seems to be related.

The relation between echoing elements in a lardeslevcan be the result of a transformation by
mathematical aspects like translation, scalingratation or a combination of them as shown in fegur
10. Note that every transformation results in thma geometrical shapes as present in the previous
one.
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Figure 10: Repetition by scaling (left), scaling & translation (middle) and
scaling & rotation (right)

13. the void.Void is used to develop activity by the usage opsnspace. Surrounding structures form
inner spaces and the absence of objects resuffgace with the opportunity to develop activitiésid

is necessary in every building, it results in aplaf rest and calm. The surrounding fabric deteesi
the feeling of the void, yet it is important thaetvoid has enough space to exist and to be usisd. |
impossible to relate this property to a mathemhbtispect.

14. simplicity and inner calm.In order to create understandable architectur@iseeof very simple,
geometrical shapes is necessary. The proportiorikese geometrical shapes need to be unusual.
Therefore, the shapes are a result of an unusuamgter like length, size, width, etc. It is also
important that there are little imperfections witlihe total composition, although they are necgdsar
create a living whole as explained in the paragepbut roughness.

Mathematically this means the use of understanddialpes, like squares and triangles, yet they dhoul
have one unusual parameter which will determinetmeposition. An example which shows the result
of simplicity and inner calm is shown in figure 11.



15. not-separatenes®\ shape can be considered not-separated, wheexperienced as one with the
world and not separated from it. This means thgtcamtre which has ‘deep life’ is connected, in
feeling, to what surrounds it, and is not cut 6lated, or separated. According to Alexandertfig
last property about not-separateness is the mesiriamt property of all properties as describeaizef
He states that a shape cannot have ‘life’ wheniibot unified with its surroundings, even though it
should contain the other fourteen properties iG@@nsidering not-separateness in mathematics, this
property cannot be defined in an objective way.

Conclusion

By the mathematical analysis of Christopher Alexatalproperties of ‘life’ a more comprehensive
image of his theory is created. The attempt of a@hje description has showed on the one hand some
interesting similarities yet also shows that matages by itself is not capable to define architeaitu
beauty completely. The presence of natural corstik& andein architecture has been noticed in
earlier research but still it is important to netibe relation by these important mathematical rersib

in human perception. How is it possible that theaenbers are comprehensive and comfortable?
Architectural beauty is strongly related to geomgtt with the addition of (mathematical) functions
of change and irregularity. Mathematicians gengrstite that a uniform description of a function
which relates to the heart of the problem or caselieautiful one, yet human appreciation and camfo
seems also highly related to irregularities andhaalies within a comprehensive order. According to
Alexander contemporary architecture moves away ftioeusage of his fifteen traditional building
design tools. This research can be seen as antopjppito test contemporary architecture in a more
objective and mathematical way and reveal the @iffees between historical and modern buildings.
This paper provides a more technical approach axakder's fifteen properties and the relation
between architectural and mathematical beauty.
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